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Limits (part 2)



Introduction B~SA
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In the previous video, we’ve learned about the notion of limit and how to
find it graphically.
In this video we will learn how to find it by calculation.




Operations on the limits

Given: lim f(x) = land lim g(x) =1’ (a, | and I’ can be « or a real number)
X—a

X—a

If[:l'e IR [+ 1
If le[Rand " = +o0 [+ o0 =400

Ifl=1'"= 4+ 400 4+ 00 = 400

Ifl=1" = — —00 — 00 = —O0

If |l = +00;:]' = —0c0 +00— 00
Indeterminate form
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Operations on the limits "s'
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If[:l'e IR" [ <1
Ifle[Rand !’ = +o0 [ X (+0) = t+o0

Ifl =1'"= 4+ (+0) X (+0) = o0

Ifl =1"= —c0 (—0) X (—00) = 400
Ifl = +00;l' = —c0 (+0) X (—0) = —00

Ifl =0;1' = +o0 0 X (£o0)
Indeterminate form



Operations on the limits BSA

1f1:1'¢ IR* L

L1

Ifle IRand !’ = 4+ =0

L
+ oo
If ] = +ooand l'e IR il—,oo= +00

Ifl =1 =+ f—z indeterminate form
fl=0;l'eIR* =0

Ifl=0,1=0 %ziw

Ifl=10'"=0 %indeterminate form



Operations on the limits !
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limkf(x) =k llm f(x) = ki

X—a

chi_r%(f(x)ik) =chi_r)rcllf(x)ik=lik

B, —, =2
x—+oo f(x) l

lim /f(x) =VI ;

X—+oo

L #0



Why indeterminate forms??? o
(400 — ) or (—o0 + ) 0 X (F00)
We don’t know the We don’t know which
exact value of +oo rule it follows:
Or -0 0 xanything is 0
Or

Number X oo S o



Why indeterminate forms??? o

0 oo

0 +00
We don’t know which rule it We don’t know the exact
follows: value of +o0 or -oo so the

O _iso answer can be 1, -1 or less

’E)”rmber than O or more than O...
number .

IS o0
0



How to find limit at infinity by calculation? ";

Information to be used:
lim x = 4o

X—>+00

lim x = —

X——00

lim x™ = 4o

X—+ 00
lim x™ — +o0 if nis even
X——00 —oo ifnis odd

lim kx™ = +oo according to the sign of the real number k and whether n is

X—+ oo

even or odd
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How to find limit at infinity by calculation?
< If fisapolynomial: f(x) = a,x™ + a,,_x™* 1 + --- a,

lim f(x) = lim _a,x" Leading
X—+o00 X—+00
term of £
Example:

Orx) =2x+3

lim f(x) = lim 2x =2(+00) = +oo

X—>+ 00

lim f(x)= lim 2x = 2(—») = —x
X—>—00

X—>—00



How to find limit at infinity by calculation?
< If fisapolynomial: f(x) = a,x™ + a,,_x™* 1 + --- a,

lim f(x) = lim a,x"
X—+o00 X—+to00

Example:

Of(x)=-2x+3

lim f(x) = lim —2x = —2(4o) = —o0

X—+00 X—+00

lim f(x) = lim —2x = —2(—) = 40

X——00 X——00



How to find limit at infinity by calculation?
< If fisapolynomial: f(x) = a,x™ + a,,_x™* 1 + --- a,

lim f(x)= lim a,x"
X—+o00 X—+to00

Example:

Or(x) =3x2+4x -5

lim f(x) = lim_ 3x?% = 3(4+00)? = 3(4+») = +oo

X—+ 00

lim f(x) = lim 3x? = 3(—»)? = 3(+) = +o
X——00

X——00



How to find limit at infinity by calculation?
< If fisapolynomial: f(x) = a,x™ + a,,_x™* 1 + --- a,

lim f(x)= lim a,x"
X—+o00 X—+to00

Example:

Or(x) = -3x>+4x -5

lim f(x) = lim —3x* = —-3(4+®)% = =3(+») = —

X—+ 00 X—+00

lim f(x) = lim —3x? = —3(—»)? = —3(4+®) = —o0

X—>—00 X—>—00



How to find limit at infinity by calculation?
< If fisapolynomial: f(x) = a,x™ + a,,_x™* 1 + --- a,

lim f(x)= lim a,x"
X—+o00 X—+to00

Example:

Or(x) = —x3-5x?+1

lim f(x) = lim —x3 = —(4+»)3= —(+0) = —0

X—+ 00 X—+00

lim f(x) = lim —x3 = —(—»)3= —(—00) = +0

X—>—00 X—>—00



How to find limit at infinity by calculation?

ole I i ' - P(x)
» If fisarational: f(x) 2

, ~ leading term of P(x)
lim f(x)= lim

x—>+00 x—too leading term of Q (x)
Example:
O = Xt lim f(x) = lim ~ = lim =12 + 00
lim f(x) = lim =2 = —c0
X ——00 X——00 2



How to find limit at infinity by calculation?

< If fisarational: f(x) ===

Example:

3

Qf(x) — _3i3+2

P (x)
Q(x)
: lim leading term of P(x)
x— lwa(x) ~ xotoo leading term of Q(x)
x> 1
llm f(x) = h+oo 3= T3
. T x> 1
xl—l>I—noof(x) N xl—1>I—noo —3x3 3



How to find limit at infinity by calculation?

“ If fisarational: f(x) = %
lim F(x) = 11 leading term of P(x)
x—>too —~+o leading term of Q(x)
Example:
@) = 2Lt lim f() = Jim == lim - 5= -5 =0
—5x3 5 5

x1—1>r—n°0f(x) - x1—1>r—noo x© - x1—1>moo _; -  _o =0



How to find limit at infinity by calculation? ";

«» As aresult, If fis rational

leading term of P(x)

lim f(x) = lim

x—+o00 x—+oo leading term of Q(x)

k if deg(P) = deg(Q)
0 if deg(P) < deg(Q)
too  if deg(P) > deg(Q)
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How to find limit at infinity by calculation?

 If fis airrational (including radical):

Example:
O/()=Vi-1
lim f(x) =17

X——00



How to find limit at infinity by calculation?

 If fis airrational (including radical):
Example:
Or() =vx2-1
lim f(x) = lim Vx2 = lim|x| = |+oo] = +o0

lim f(x) = lim |x| =|—oo| = 4
X——00

X——00
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How to find limit at infinity by calculation?

 If fis airrational (including radical):

Example:
Of() =Vx+x
xl_i)I_Eloof(X)Z\/-l—OO+OO=+OO-I—OO=-|—OO
lim f(x) =17

X——00



How to find limit at infinity by calculation?

» If fis airrational (including radical):

Example:
Of(x) =Vx—x
lim f(x) =++00 — 00 =400 — A Rationalize
X—+ 00
— 2 A2 —x2
lim Vx —x x ¥ = lim 25— ~ = lim
x—>+oo\/_ X\/f+x xl—1>r-|poo Vx+x x1—1>r-l¥loo VX+x  x->+oo x(g+1)
= lim —=7—=—=—00
X—+00 \/—§+1 =+ 0+1
Iim f(x) =4

X——00



How to find limit at infinity by calculation? BSA

 If fis airrational (including radical):
Example:
O (x) = Vaer 1 +H0

lim f(x) = lim Vx2+x= lim |x|+x = lim x+x = lim 2x

X—+ 00 X—+ 00 X—+ 00 X—+ 00 X—+ 00

— 2(-|—Oo) = 400




How to find limit at infinity by calculation?

» If fis airrational (including radical):
Example:

O/ (x) = Vi 1 + %0

x24+1—x2

lim x)= lim Vx2+4+1+x X * = lim

x_)_oof( ) X—>—00 Vx4¢+1—x X—>—00 Vx2+1+x
lim ! = lim i lim .
x——00 Vx2+1+x x—>—00 VX2+Xx x—>—o00 X+X

lim —=—=0

xX—>—oo 2X — 00



Time for practice B~SA
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Calculate the limits of f at +oo.
@ /(x)=-3x2+2x +4 lim f(x) = —oo

X—+oo

O () =-x" =335+ 223+ 5 Jim f(x) = +oo: lim f(x) = —oo
X—>—00

© /() = (r + DO +32) lim f(x) = +o0
@ f(x) = \/§1+5 xl_{rfloof(x) =0 ,xl_l)Ipoof(x) =4

O = raxt lim f(x) = +o0

@) =23 lim f(0) =2

(x+1)2 X—+00






